Introduction
Let G/Q be a reductive group and X be a G(IR)-conjugacy class of homomorphisms Res C/IR (G m ) −→ G IR such that (G, X) is a Shimura datum and denote for some compact open subgroup K ⊂ G(A f ) by Sh K (G, X) the associated Shimura variety. Its C-valued points are given by G(Q)\((X ×G(A f )/K) and it is defined over a number field E which is associated to (G, X). Hence its cohomology carries an action of Γ E (the absolute Galois group of E) and of the Hecke algebra H(G(A f )//K) of K-biinvariant locally constant Q-valued functions with compact support, and these actions commute with each other. It is one of the fundamental problems to understand the precise relation of these two actions. One step towards this understanding is the following: Let p be a prime of good reduction (i.e. G Q p is unramified and we have K = K p K p with K p ⊂ G(Q p ) hyperspecial) and let v be a place of E lying over p. Denote by Fr v the conjugacy class of corresponding geometric Frobenius elements in Γ E . Blasius and Rogawski [BR] have defined a polynomial H = H (G,X),p (the socalled Hecke polynomial) with coefficients in the local Hecke algebra H(G(Q p )//K p ) and they conjectured that H(Fr v ) = 0. This is known for Shimura curves for a long time by the work of Eichler/Shimura and Ihara. Further, Faltings and Chai [FC] have proved in the Siegel case that Fr v satisfies an equation of the correct degree. Further the first of us has proved the conjecture in the case of certain orthogonal groups [??] , and the second in the PELcase when G Q p is a split reductive group [We2] .
The goal of this article is to prove this conjecture in the case where G is the group of B-linear similitudes of a skew-hermitian space (V, , ) where B is a simple Q-algebra endowed with a positive involution which is split at the chosen prime p which we assume to be odd. We further suppose that G IR is isomorphic to a group auf unitary similitudes of a hermitian form of signature (n − 1, 1). We finally assume that n is even (in particular, the case of Picard modular surfaces is excluded). In fact, we also assume that B Q p is simple, as otherwise we are in the situation of [We2] . See chapter 1 for the precise assumptions.
As we are in the PEL-case, Sh K (G, X) can be written as a moduli space of abelian varieties with certain additional structures and it has a model M over O E (p) . To prove the congruence relation we proceed in three steps: First we study the reduction of M to characteristic p. In the second part we examine a moduli space of isogenies which is used to define the Hecke correspondence and an extension in characteristic p. In the final chapter we use the obtained results to prove the congruence relation.
We are now going to describe the results of the three parts in more detail. For this we assume only that the signature is of the form (n − 1, 1), but n can be arbitrary (the assumption "n even" is needed only in the last chapter).
In the first part (chapter 3 -5) we look at three stratifications of the special fibre M 0 of M. These stratifications are defined as follows: Geometric points of M 0 are given by isomorphism classes of tuples (A, ι, λ,η) where A is an abelian variety, ι is an action of an order O B of B, λ is a p-principal polarization, andη is a level structure.
The strata are given by (a) The isomorphism class of the isocrystal associated to (A, ι, λ) (the Newton polygon stratification), (b) The isomorphism class of the p-torsion of (A, ι, λ) (the Ekedahl-Oort stratification), (c) The isomorphism class of the p-divisible group of (A, ι, λ) (the final stratification).
Our main result in this part is the following
Theorem: On the non-supersingular locus of M 0 the three stratifications coincide.
This implies that every Newton polygon stratum is a union of Ekedahl-Oort strata and as a corollary we get from the corresponding fact for the Ekedahl Oort stratification [We3] that the closure of a Newton polygon stratum is again a union of Newton polygon strata and that all Newton polygon strata are equi-dimensional, nonempty and of the expected dimension. In particular we see that the supersingular locus M ss has dimension strictly smaller than half of the dimension of M 0 if and only if n is even (if n is odd, we have dim(M ss ) = dim(M 0 )/2).
In the second part (chapter 6 and 7 and proposition 8.7) we look at the special fibre p-Isog 0 of the moduli space of p-isogenies f : (A, ι, λ,η) → (A ′ , ι ′ , λ ′ ,η ′ ). Here our main results are -The canonical morphisms source and target p-Isog 0 −→ M 0 are finite over the non-supersingular locus and they are finite locally free over the generic stratum (with respect to any of the three stratifications).
-We describe p-Isog 0 generically using an analogue of the local model which we call "generic model". In particular we find that every component of p-Isog 0 has dimension greater or equal than dim(M 0 ).
-Let p-Isog µ be the inverse image of the generic stratum of M 0 in p-Isog 0 .
Then every geometric point of p-Isog µ admits a canonical lift to characteristic zero.
As a corollary we get that p-Isog µ is dense in p-Isog 0 if and only if n is even (if n is odd one can show that there supersingular components in p-Isog 0 and those components are even in the closure of the generic fibre of p-Isog).
In the third part (chapter 8) we prove the principal result. Here we assume that n is even. The main idea of the proof is the same as in [FC] and [We2] . We consider the Q-vector space Q[p-Isog ⊗ E] (resp. Q[p-Isog 0 ]) generated by the components of p-Isog ⊗ E (resp. p-Isog 0 ). We have Q[p-Isog µ ] = Q[p-Isog 0 ] because p-Isog µ is dense in p-Isog 0 . Both Q-vector spaces obtain a Q-algebra structure by composition of p-isogenies. We define a commutative diagram of Q-algebra homomorphisms ( * )
Here L ⊂ G Q p is the centralizer of the norm of the minuscule coweight µ of G associated to (G, X). The subscript ( ) 0 in H(G(Q p )//K p ) 0 denotes the subalgebra of the Hecke algebra of functions with integral support such that if we invert the characteristic function of K p (p · id V )K p we get H(G(Q p )//K p ), similar for L. We take Q as the coefficient ring for the Hecke algebras. The homomorphismṠ is a twisted version of the Satake homomorphism already defined in [We2] . It is injective. On the right hand side red p denotes the specialization map of cycles. Then elements in Q[p-Isog ⊗ E] give rise to correspondences on Sh K (G, X) and h 0 is simply the definition of Hecke correspondences on Sh K (G, X). Finally, to constructh we de-
Once we have the diagram ( * ), the result follows from a group theoretic statement of elements in the Hecke algebra which has been proved by the first author in his thesis.
We will now give an overview on the structure of this article: In the first chapter we introduce notations and the second chapter introduces the Dieudonné modules with the additional structure which are considered in the sequel, the so-called unitary Dieudonné modules of signature (n − 1, 1).
In the third chapter we give a precise description of the isomorphism classes of the reduction mod p of the unitary Dieudonné modules of signature (n − 1, 1) using a theorem of Moonen [Mo] which simplifies our previous arguments considerably (3.5).
Further we calculate the dimension of the group of automorphisms of such a reduction (3.13) because this gives the codimension of the corresponding Ekedahl-Oort stratum by [We3] .
The fourth chapter contains a criterion to recover the Newton polygon of a unitary Dieudonné module from its reduction mod p (4.2). In particular, we see that the Oort stratification is finer than the Newton polygon stratification. Further in (4.9) we give the description of the homomorphism induced by p-isogenies induced on Dieudonné modules for non-supersingular points.
In the fifth chapter we compare Newton polygon, Ekedahl-Oort and final stratification in detail and obtain the dimension of the supersingular locus of Sh
The content of the sixth chapter is the definition of the generic model for the moduli space of p-isogenies and the lower bound for the dimension of components of p-Isog ⊗ κ(E v ) (6.15).
In the seventh chapter we examine the source and target morphisms p-Isog
. We show that they are finite (7.3) over the nonsupersingular locus. In (7.5) we describe the deformation functors of µ-ordinary p-isogenies which allows to show that the µ-ordinary locus in p-Isog ⊗ κ(E v ) is dense if n is even (7.8). It further implies that in this case every point of p-Isog ⊗ κ(E v ) can be lifted to characteristic zero (7.9) and that source and target are finite locally free over the generic stratum although this last fact is proved only in 8.7 due to reasons of notation.
The last chapter contains now the definition of h 0 andh, statement and proof of the main theorem (8.10 -8.12).
We are grateful to U. Görtz and S. Orlik for helpful remarks on preliminary versions of the manuscript.
Notations
(1.1) Let p > 2 be a fixed prime. LetQ p be an algebraic closure of Q p and fix an embeddingQ ֒→Q p whereQ denotes the algebraic closure of Q in C. Further, we fix a square root √ −1 of −1 in C.
(1.2) Throughout we denote by I = (B, * , V, , , G, O B , Λ, h, µ) the collection of the following data:
• B denotes a simple Q-algebra such that B ⊗ Q IR ∼ = M m (C) and such that
* is a positive involution on B.
• V = (0) is a finitely generated left B-module.
• , is a nondegenerate skew-hermitian Q-valued form on V (i.e. , is alternating and bv, v
• G denotes the algebraic Q-group of B-linear symplectic similitudes of (V, , ).
• O B is a
• Λ denotes an O B -invariant Z Z p -lattice of V ⊗ Q Q p such that the alternating form on Λ which is induced from , is a perfect Z Z p -form.
• h is a homomorphism of real algebraic groups h: S = Res C/IR (G m,C ) −→ G IR such that h defines a Hodge structure of type {(−1, 0), (0, −1)} on V (with the sign convention of [De] ) and such that
where the first arrow is the embedding G m,C ֒→ S C = Gal(C/IR) G m,C whose image is the factor of S C corresponding to the identity in Gal(C/IR). We can and we do fix an isomorphism
( 1.3) The algebraic group G over Q is reductive and connected. The assumption B ⊗ IR ∼ = M m (C) implies that G IR is isomorphic to the group of unitary similitudes GU (r, s) of an hermitian form of signature (r, s) for nonnegative integers r and s with
Without loss of generality we can assume that r ≥ s.
We denote by (X * , R, X * , R ∨ , ∆) the based root datum of G with its action of Γ = Gal(Q/Q) and by Ω its Weyl group. Let {µ} be the G(C)-conjugacy class of µ which we consider as an element of X * /Ω. The group Γ acts continuously on the discrete groups X * and Ω such that γ(wλ) = γ wγ(λ) for γ ∈ Γ, w ∈ Ω and λ ∈ X * .
Hence, we get an induced continuous action of Γ on X * /Ω. The stabilizer of {µ} in Γ is open and defines a finite extension E of Q which is called the reflex field of I. It is easy to see (e.g. [We1] 2.3.2) that E = Q if r = s and that E is a quadratic imaginary extension otherwise.
Via the chosen embeddingQ ֒→Q p we can consider {µ} as a G(Q p )-conjugacy class of cocharacters. Denote by v|p the place of E given by the chosen embeddinḡ Q ֒→ Q p . Then the field of definition of {µ} with respect to the Gal(Q p /Q p )-action is the v-adic completion of E. Let κ be the residue class field of v. The action of Gal(Q p /Q p ) factors over Gal(K/Q p ). We denote by σ the nontrivial element in
Note that the assumption on B Q p and the existence of Λ imply that G Q p is unramified over Q p . More precisely, the stabilizer of Λ defines a reductive modelG
(1.4) Denote by A p f the ring of finite adeles of Q with trivial p-th component. We fix an open compact subgroup K p ⊂ G(A p f ) and denote by M = M I,K p the associated moduli space, defined by Kottwitz [Ko] . We assume K p to be sufficiently small, such that the moduli problem is representable by a scheme. This scheme is then smooth and quasi-projective over the localization of O E in p. It classifies tuples (A, ι, λ,η) where A is an abelian scheme up to prime-to-p-isogeny, λ is a Q-homogeneous polarization of A of degree prime to p, ι: where V 0 ⊂ V E v is the weight zero space of some µ ∈ {µ} (see [Ko2] §5 or [RZ] 3.23 a) for a precise formulation of the determinant condition).
It follows from the general theory of Shimura varieties that M I,K p has relative dimension 2 ρ, {µ} = rs where ρ denotes the halfsum of positive roots in the based root datum of G.
(1.5) We choose in the conjugacy class {µ} the unique element µ which is dominant.
As G E v is unramified over E v , it is already defined over O E v . Set
This a one-parameter subgroup of G Q p which extends (uniquely) to a homomorphism
This is a Levi subgroup of G Q p which is unramified as reductive group over Q p ..
(1.6) Denote by K p the stabilizer of Λ in G(Q p ) with the notations of (1.2), i. e.
where σ ∈ Gal(K/Q p ) denotes the nontrivial element.
We denote by H Q (G) 0 the subalgebra of H Q (G) which consists of functions whose support lies in End Z Z p (Λ). If P is the double coset of p id V , we have
We denote by H = H G,{µ} ∈ H Q (G) 0 the Hecke polynomial associated to G and the conjugacy class {µ} (see e.g. [We2] §2 for the definition and the fact that its coefficients lie in
. It is also equal to the centralizer of the extension of N (µ) inG(Z Z p ). Again we get Hecke algebras
(1.7) Let S be an O E,v -scheme and let (A 1 , ι 1 , λ 1 ,η 1 ), (A 2 , ι 2 , λ 2 ,η 2 ) ∈ M(S) be two S-valued points. A p-isogeny
is an O B -linear isogeny f : A 1 −→ A 2 such that there exists an integer c ≥ 0 with (αf ) * λ 2 = p c λ 1 .
The integer c = c(f ) is called the multiplicator of f .
We have the obvious notion of the pullback of a p-isogeny with respect to a morphism of schemes S ′ −→ S and the notion of an isomorphism of two p-isogenies. We get a functor p-Isog = p-Isog where q denotes the number of elements in κ(E v ), i.e. q = p if r = s and q = p 2 otherwise. Its multiplicator is log p q.
Sending a p-isogeny to its source (resp. its target) defines morphisms For every p-isogeny f we denote by f ∨ its dual. It is again a p-isogeny of the same multiplicator as f .
2 Unitary p-divisible groups (2.1) Let S be an O E v -scheme which is p-adically complete. A p-divisible I-module over S is a triple (X, ι, λ) where X is a p-divisible group over S, ι: O K −→ End(X) is a ring homomorphism and where λ: (X, ι)
Here ( ) ∨ denotes the Serre dual and by
further require that we have for all n ≥ 0 an identity of polynomial functions on
where
is a finite locally free O S n -module and (2.1.1) holds for all n ≥ 0 if it holds for one n ≥ 0.
We want to reinterprete this condition further. We fix the isomorphism
As the determinant condition (2.1.1) can be checked after some finiteétale base change S ′ −→ S we can assume that S is also an O K -scheme. We obtain a decomposition
submodule. The determinant condition is then equivalent to the condition
where r and s are the integers defined in (1.3).
(2.2) Let S be as above and let (A, ι, λ,η) be an S-valued point of
we can apply Morita equivalence and we get a p-divisible I-module over S which we call associated to (A, ι, λ,η).
(2.3) We are going to study the category of p-divisible I-modules over a fixed algebraically closed field k of characteristic p which is endowed with an O K -algebra structure. Denote by W (k) its ring of Witt vectors. The Frobenius automorphism of W (k) is denoted by σ. It is a lifting of the usual Frobenius Frob k of k which sends x to x p . Our main tool will be Dieudonné theory.
(2.4) A Dieudonné module over k is a finitely generated free W (k)-module M together with a σ-linear endomorphism F and a 
its signature and denote it by sign(M ). The signature of a graded Dieudonné module is defined as the signature of its reduction modulo p. We have the obvious notion of a morphism of graded Dieudonné modules (resp. of graded Dieudonné spaces). Finally by inverting p we get the notion of a graded isocrystal. 
(2.6) Let M 1 and M 2 be two graded Dieudonné spaces over k. For every k-algebra R we denote by Hom gD (M 1 , M 2 )(R) the set of R-linear maps ϕ:
which preserve the grading and such that the diagrams
commute. This defines a functor which is representable by a closed subscheme of
In particular it is affine and of finite type over k. If we consider for M 1 = M 2 = M only those ϕ which are invertible, we get the algebraic group scheme Aut gD (M ) which is affine as a closed subgroup scheme of GL(M ).
If M is a unitary Dieudonné space over k we denote by Aut uD (M ) the closed subgroup scheme of automorphisms which also preserve the symplectic form.
3 Unitary Dieudonné spaces of signature (n-1,1)
) denotes a unitary Dieudonné module over an algebraically closed field k of characteristic p and we denote by M the unitary Dieudonné space obtained from M by reduction modulo p. We assume that the signature of M is (n − 1, 1)
for some integer 0 ≤ r ≤ n/2 where
, if r is odd.
Further the decomposition N (r) ⊕ (N 1 2 ) n−2r is a decomposition of unitary isocrystals, i.e. it is orthogonal and graded.
It follows that the isocrystal of a unitary Dieudonné module of signature (n − 1, 1) is determined by its first Newton slope. If we denote by p r the Newton-polygon associated to
where we write p ≤ q if p lies above q.
(3.
2) The following two examples will be of vital importance:
(1) We define a superspecial unitary Dieudonné module S as follows: As W (k)-module it is a module of rank 2 generated by elements g and h. We set
The alternating form is given by g, h = 1, and we have F g = −h and V g = h. Then S is a unitary Dieudonné module of signature (1, 0). We also write S for its reduction mod p and S for the underlying Dieudonné module of S.
(2) For an integer n ≥ 1 define a unitary Dieudonné module B(n) as follows: As W (k)-module it has a basis (e 1 , . . . , e n , f 1 , . . . , f n ) and the grading is given
alternating form is defined by
Finally F and V are given by
This is a unitary Dieudonné module of signature (n − 1, 1) which we call braid of length n. We also write B(n) for its reduction modulo p and denote the images of e i and f i again by e i resp. f i .
(3.3) Lemma: The isocrystal associated to B(n) has the following Newton slopes:
(1) If n is odd, every Newton slope is 1/2.
(2) If n is even, the Newton slopes are n/2−1 n and n/2+1
n . In particular, it has only slopes 0 and 1 if and only if n = 2.
Proof : Denote by λ(n) the first Newton slope of B(n). By [Zi1] §6.12 we have
and hence λ(n) = 1/2 if n is odd and λ(n) = n/2−1 n if n is even. Therefore the lemma follows from (3.1).
(3.4) Lemma: Assume that the signature of M is either (r, 0) or (0, r) for some
Proof : Assume that the signature is (r, 0) (the other case is analogous). This
for some integer r with 1 ≤ r ≤ n.
Proof : This follows easily from a theorem of Moonen [Mo] : He has shown (in much greater generality) that the number of isomorphism classes of unitary Dieudonné spaces of signature (n − 1, 1) is given by the number of elements in the quotient of the Weyl group Ω of G by the Weyl group Ω µ of the centralizer of µ in G C . Now Ω equals the symmetric group S n and Ω µ can be identified with S n−1 × S 1 , embedded in the obvious way in S n . Hence we see that there are precisely n of such isomorphism classes. As the unitary Dieudonné spaces B(r) ⊕ S n−r are pairwise nonisomorphic for different r, the claim follows.
(3.6) In order to study the stratification of the special fibre of M I,K p by isomorphism types of unitary Dieudonné spaces (the Oort stratification in the terminology of [We3] ) we have to compute the dimension of the group of automorphisms of a unitary Dieudonné space. This will be done in the next sections. We refer to [We3] for the definition of a Dieudonné space over an arbitrary k-algebra R. We have the obvious definition of B(n) and S over R.
We use the notations of (3.2)(2) and denote the image of e i resp. f i inB(n) again by e i resp. f i . For r = 0, . . . , [n/2] we set
We can make this definition over arbitrary k-algebras. If we write
Further, we set
We claim that ϕ is uniquely determined by ϕ(e 1 ) and ϕ(f 1 ): It is clear that if we know ϕ(e 1 ), . . . , ϕ(e i ) and ϕ(f 1 ), . . . , ϕ(f i ) for i < n we have ϕ(f i+1 ) = V ϕ(e i ). Further ϕ(e i+1 ) has to satisfy F (ϕ(e i+1 )) = ϕ(f i ) and ϕ(e i+1 ), ϕ(f 1 ) = 0 and these conditions determine ϕ(e i+1 ) uniquely as ϕ(e i+1 ) ∈B(n) 0 .
As ϕ(VB(n) 1 ) ⊂ VB(n) 1 , we have ϕ(e 1 ) = α ϕ e 1 for a unit α ϕ . This defines a homomorphism α: Aut(B(n)) −→ G m . Set r = p n − 1 if n is even, and r = p n + 1 if n is odd. It is easy to see that the image of α is µ µ r , the scheme of r-th roots of unity.
and e 1 , m ϕ = 0, and this means that m ϕ is in the free submodule generated by f 2 , f 4 , . . . , f n−1 if n is odd and in the submodule generated by f 3 , f 5 , . . . , f n−1 if n is even. Denote this free submodule by N . We consider N as k-scheme isomorphic to an affine space. From the construction above of ϕ(e i ) and ϕ(f i ) from ϕ(e 1 ) and ϕ(f 1 ) it follows that the morphism of schemes
is an isomorphism of schemes (but not of group schemes). Hence we see:
provides a surjective homomorphism of algebraic groups. Its kernel is the identity component Aut(B(n)) 0 . The morphism
is an isomorphism of varieties.
(3.9) Corollary: We have .2)(1). Let R be the coordinate ring of the affine scheme Aut uD (S m ). Let also Φ ∈ Aut uD (S m )(R) be the universal automorphism. It preserves the grading, so write Φ(g j ) = i a ij g i and Φ(h j ) = i b ij h i and denote by A and B the matrices (a ij ) and (b ij ). As Φ commutes with F and V , the matrices A and B satisfy Choose a basis (e 1 , . . . , e r , f 1 , . . . , f r ) as in (3.2)(1) for B(r). To prove (2) we consider the coordinate ring R of Hom gD (S m , B(r)) together with the universal homomorphism Φ ∈ Hom gD (S m , B(r))(R) sending g j to i s ij e i and h j to i t ij f i .
The fact that Φ commutes with F and V is equivalent to the equations
The equations (C) and (D) mean that the only nonzero s ij , (resp. t ij ) have i ≡ r(2) (resp. i ≡ r − 1(2)) and, moreover, these are completely determined by s r,j , as (−1) (2), and
, which is non-redundant only if 1 ≡ r − 1(2), i.e. if r is even. In this case it forces s r,j to satisfy s
if r is odd and
if r is even.
(3.11) We keep the notations. The proof of (3.10)(2) shows that we have
where we denote by B + (r) the graded Dieudonné subspace which is generated by e r , e r−2 , . . . , e r mod 2 , f r−1 , f r−3 , . . . , f (r−1) mod 2 .
By definition, B + (r) is a totally isotropic subspace of B(r) which is maximal totally isotropic because of its dimension.
(3.12) Proposition: There exists a (non-canonical) isomorphism of schemes
Proof : Consider an R-valued point ϕ of Hom gD (S m , B(r)) for an arbitrary kalgebra R. The restriction of ϕ to S m ⊗ R factors by (3.11) through
As B + (r) is the radical of B + (r) ⊕ S m , one obtains two components
Observe that Aut uD (S m ) is embedded in a canonical way in Aut uD (B(r) ⊕ S m ) and that it acts in a canonical way in Hom gD (S m , B(r)) from the right. The maps π 1 and π 2 are Aut uD (S m )-equivariant morphism of schemes. This allows to construct a section σ of the morphism
For this consider an R-valued point (ϕ 1 , ϕ 2 ) of the right hand side. Let S = (s ij ) (resp. T = (t ij )) be the (r × m)-matrix with entries in R which describes ϕ 1 • ϕ −1 2 on the bases g 1 , . . . , g m and e 1 , . . . , e r (resp. on h 1 , . . . , h m and f 1 , . . . , f r ). Define an element ψ in Aut(B(r) ⊕ S m )(R) as follows: The 0-graded component is given by:
and the 1-graded component is given by:
It is straight forward to see that ψ is compatible with grading, form, and the operators F and V . Further, we have
2 and π 2 (ψ) = 1. If we set σ(ϕ 1 , ϕ 2 ) = ψ • ϕ 2 , this defines the wanted section.
It follows that we have π 3 (ϕ) := ϕ −1 σ(π 1 (ϕ), π 2 (ϕ)) ∈ Aut uD (B(r))(R) where we consider Aut uD (B(r)) as a subgroup scheme of Aut uD (B(r) ⊕ S m ) in the canonical way. Then π = π 1 × π 2 × π 3 is the desired isomorphism.
(3.13) Corollary:
4 Structure of non-supersingular unitary Dieudonné modules Proof : For both assertions we can assume that r = n by (4.1). The condition in (1) is sufficient by (3.3) . Now let r > 0 be even. We show that N has no homogeneous supersingular subisocrystal. If such a supersingular isocrystal existed we would find a homogeneous element x ∈ N of degree 0 such that F x = V x. By multiplying with a suitable power of p we can assume that x ∈ M 0 \ pM 0 . Modulo p we get a nonzero element y ∈ B(r) such that F y = V y. This is a contradiction to (3.10)(2).
By (1) we know that r is even in the non-supersingular case and in its proof we showed that N contains no supersingular subisocrystal. Therefore M = M ′′ (under the assumption r = n) and (2) follows. 
To do this we define the following generalized version of a braid. Let m ≥ 1, l, and 0 ≤ a ≤ m − 1 integers. A generalized braid of lenght 2m, defect l, and jump a is the following graded Dieudonné module (M = M 0 ⊕ M 1 , F, V ) over k together with
Let M 0 (resp. M 1 ) be the free W (k)-module with basis (e i ) i∈Z Z/2mZ Z (resp. with basis (f i ) i∈Z Z/2mZ Z ) such that F is given by
Here and in the sequel we identify Z Z/2mZ Z with {1, . . . , 2m}. A generalized braid is
It is called quasi-braid if a = 0. We denote by B the set of generalized braids in N (r).
(4.6) From now on let N = (N, F, V, N 0 ⊕ N 1 , , ) be a generalized braid of length 2m, defect l and jump a. It follows from the definition that
In particular, a generalized braid is a braid iff a = l = 0.
If N is a generalized braid, so is p n N for all n ∈ Z Z. In particular, every M ∈ M contains some generalized braid.
Proof : By replacing the alternating form of M and N by a suitable p-power we can assume that the form is perfect on M . As generalized braids have signature (2m − 1, 1), one has dim
One can actually say more namely, if e 1 ,...,e 2m , f 1 ,...,f 2m is a basis of N as in (4.5), then
and
If N is properly contained in M , then it is a non-perfect, though integral generalized braid, and we have < p
, then the first of the two inclusions
is proper, so the second one is not because dim
which gives the inclusion N 1 ⊂ F M 0 , by considering the dual lattices.
(4.8) We introduce two maps F , V: B −→ B by setting
They satisfy F V = VF , F r V r = p −1 , and
and let N be a generalized braid of defect l and jump a such that N ⊂ M . Then we have:
(2) We have α + β = r(l − λ) + a. 
morphic. (3) The isocrystals with B-action and pairing associatd to (A, ι, λ) and (
Proof : In each of the three cases (1) -(3) the non-supersingularity of A implies that A ′ is not supersingular (this is obvious for (1) and (3) and it follows from (4.2) (1) if (2) holds). By (4.4) and (4.1), (1) and (2) are equivalent. Finally (4.2)(2) implies the equivalence of (2) and (3).
(5.4) Let Spec(k) −→ M be a geometric point of characteristic p corresponding to a tuple (A, ι, λ,η). The Dieudonné space of the p-torsion gives a unitary Dieudonné space of signature (n − 1, 1) which is isomorphic to B(ρ(s)) ⊕ S n−ρ(s) for some integer ρ(s) ∈ {1, . . . , n} by (3.5). This defines the Ekedahl-Oort stratification
Now [We3] shows that all M ρ are equi-dimensional and that if M ρ = ∅ we have
, if ρ is odd by (3.13). By (5.2) and (4.2) we know that the union of the M ρ where ρ runs through the odd numbers between 1 and n is nonempty as this is precisely the supersingular locus.
In this case the Ekedahl-Oort stratification is finer than the Newton polygon stratification (4.2) which is given by Proof : This follows from (5.4).
(5.6) The stratum M 2 of M is the µ-ordinary stratum in the sense of [We1] . We also denote it by M µ . If Spec(k) −→ M µ is a geometric point corresponding to (A, ι, λ,η) with associated unitary Dieudonné module (M, F, V, M = M 0 ⊕ M 1 , , ), the associated slope filtration of (M, F, V ) is actually a graduation
and the M (λ) are homogeneous Dieudonné submodules for λ = 0, 1/2, 1; M (0) and M (1) are totally isotropic and orthogonal to M (1/2) and they are free O K ⊗ W (k)-modules of rank 1; M (1/2) is orthogonal to M (0) ⊕ M (1) and it is isomorphic to S n−2 .
(6.2) Definition: Let S be any Z Z p -scheme and let c ≥ 0 be an integer. A pisogeny pair over S of type I of multiplicator c or shorter an I-pair over S is a tuple
where 
•
A morphism of I-pairs is a commutative diagram
For varying S the I-pairs over S with multiplicator c define an Artin stack dR c I over Z Z p , i.e. an algebraic stack in the sense of [LM] .
(6.3) Let S be a scheme. Denote by P c (S) the category of tuples (N, N ′ , u, v) where N and N ′ are locally free O S -modules of rank n and where
in this category is a pair of isomorphisms ψ: N 1 −→ N 2 and ψ ′ :
We have the obvious notion of a pullback with respect to a morphism S ′ −→ S and this makes P c into an algebraic stack over Z Z. 
defines an equivalence of the category of I-pairs of multiplicator c over S with P c S . This equivalence is compatible with pullback via morphisms S ′ −→ S. Hence we get an isomorphism of the algebraic stacks
(6.5) We are going to study the special fibre of p-Isog c . More precisely we will study p-Isog
For c = 0 each one of the morphisms s, t: p-Isog c −→ M I,K p is an isomorphism.
Hence we will assume form now on that c > 0.
We will define a stratification of p-Isog c 0 by locally closed subschemes using the algebraic stack
We remark that P is independent of c > 0.
By taking deRham cohomology we get via functoriality a
Further, λ and ι endow H DR (A) with a homomorphisms λ: M −→ M ∨ such that
By the definition we have
By considering the dual p-isogeny f ∨ and using the fact that H DR (f ∨ ) = −α ∨ we also have the relation
Altogether we get a morphism p-Isog (1) Isom S (Ñ 1 ,Ñ 2 ) admits Zariski locally on S sections.
Proof : To prove (1) it suffices to show that there exists locally on S a normal form ofÑ 1 andÑ 2 which depends only on m, l. To shorten notations we write (N, N ′ , u, v) 
Proof of the Proposition (continued):
To prove (2) we can assume thatÑ 1 = N 2 =:Ñ is in the normal form of the lemma. It is clear that Aut S (Ñ ) is smooth and a straight forward calculation gives its relative dimension.
(6.8) Lemma: Let S be a scheme and let E be a quasicoherent O S -module of finite type. For every integer n ≥ 0 denote by rk =n (E) the functor on (Sch/S)
The functor rk =n (E) is representable by a locally closed subscheme Z n of S and the immersion Z n −→ S is of finite presentation if E is of finite presentation.
Proof : We can assume that S = Spec(A) is affine, M the finitely generated Amodule corresponding to E. We define Y n as the closed subscheme given by the (n − 1)-th Fitting ideal Fitt n−1 (M ) of M (see e.g. [Eis] §20.2) where we make the convention Fitt −1 (M ) = 0. If M is of finite presentation the construction of Fitt n (M ) shows that the Fitting ideals are finitely generated. Set
This represents the functor rk =n (F ) by loc. cit. 20.5-8.
(6.9) Let Ξ = Ξ n be the set of pairs (m, l) of nonnegative integers such that m+l ≤ n. For ξ 0 = (m 0 , l 0 ) let U ξ 0 be the set of pairs (m, l) ∈ Ξ such that m ≥ m 0 and l ≥ l 0 . We endow Ξ with the topology generated by the U ξ 0 for ξ 0 ∈ Ξ. For ξ = (m, l) ∈ Ξ we denote by P ξ the substack of P of those (N, N ′ , u, v) where Im(u) is a direct summand of rank m and Im(v) is a direct summand of rank l. Applying (6.8)(2) to the cokernels of u and v we see that the inclusion P ξ ֒→ P is representable by an immersion. The underlying topological space of P ξ consists of one point as all objects in P ξ are locally isomorphic (6.7). By (6.8)(1) we further have (cf. [We3] 4.4):
The underlying topological spaces of P is equal to Ξ.
(6.10) Let S be a κ(O K )-scheme. We denote by M(S) the category of tuples (N, N ′ , u, v, H, H ′ ) where (N, N ′ , u, v) is an object in P(S) and where H ⊂ N and
. For varying S we get the algebraic stack M over κ(O K ). For ξ ∈ Ξ we set
These is a locally closed substack of M resp. a locally closed subscheme of p-Isog 
Hence we get:
the two components Z and Z ′ and their intersection has codimension 1 in Z and Z ′ .
If m + l < n we have three components, namely Z, Z ′ and Z ′′ . In any case we have 
Proof : We first prove smoothness using Grothendieck-Messing theory. As Φ U is a morphism of finite type between noetherian Artin stacks it suffices to show that for all local Artinian rings R and for all quotients R 0 of R defined by an ideal I of square zero and for all commutative diagrams which makes the corresponding diagram commutative. As I 2 = (0) we can equip I with a PD-structure. The morphism α: 6.7) . In order to show that the smooth morphismŨ −→ M ξ has relative dimension d(ξ), it suffices to prove that ifũ is some k-valued point ofŨ with image u resp.m in U resp. M ξ we have dim k T u (U ) = dim k Tm M ξ which again follows as above from (6.7) and Grothendieck-Messing theory applied to R 0 = k and
(6.14) Corollary: We keep the notations of the proof of (6.13). For all closed points u ∈ U there exists anétale neighborhood U ′ of u and a section U ′ −→Ũ such that
Proof : As we need only the second assertion, we omit the proof of the more precise statement. To prove the second assertion we use the notations of the proof of (6.13).
We have seen that there are surjective smooth morphismŨ −→ U andŨ −→ M ξ of the same relative dimension d(ξ) which implies the claim. We can apply (6.14) to U and the claim follows from the fact that every component of M ξ has dimension ≥ n − 1 (6.12).
7 Source and target morphism and S ∼ = S ′ ∼ = S n−r for some even integer 2 ≤ r ≤ n (4.1) and (4.4). As the isogeny type depends only on r (3.1), the second claim follows. The homomorphism α respects this decomposition. Hence to show that there are only finitely many α up to equivalence as in (*) we can assume that either where J is the Z Z p -group scheme
such that hf 1 = f 2 . Hence we have to show that the J-orbits on
is open in J(Q p ) and for any two points x, x ′ ∈ X c there exists a g ∈ J(Q p ) such that gx = x ′ . As X c is compact,
is compact and discrete and therefore finite. Proof : The source morphism is quasi-finite by (7.2), hence it is finite because it is also proper. By duality the same holds for the target morphism.
an algebraically closed field. Let C be the category of pairs (R, α) where R is a local
Artinian O E v -algebra and where α is an isomorphism κ(R) ∼ −→ k. We denote by Def(f ) the functor of deformations of f to C. To give a deformation of f is the same as to give a deformation of the morphism
of p-divisible I-modules associated to f (2.2) by the theorem of Serre-Tate.
There exists a unique decomposition X = X inf × Xé t where X inf and Xé t are the infinitesimal resp. theétale part of X with induced O K -action ι inf and ιé t . Further λ induces isomorphisms λ inf :
We make the same definitions of X ′ and get induced morphisms f inf , fé t and f bi .
We have canonical morphisms Def(f ) −→ Def(f inf ) −→ Def(f bi ). Further, sending a deformation to its source (resp. target) gives morphisms Def(f ) −→ Def(X),
(7.5) Proposition: With the notations of (7.4) there are the following relations and descriptions of these functors:
(1) The induced morphisms
are representable by closed immersions.
(2) For (R, α) in C the inverse image of every element in Def(X inf )(R, α) under the canonical map Def(X) −→ Def(X inf ) is nonempty and a principal homogenous space under
(3) The inverse image of every elementX bi in Def(X bi )(R, α) under the canonical map Def(X inf ) −→ Def(X bi ) is nonempty and isomorphic to
is non-empty and naturally a torsor under
(7) Def(f bi ) is trivial, i.e. equal to Spf(W (k)).
Proof : The assertions (1), (2), (3), (5) and (6) are standard (cf. [CN] ) and hold in much greater generality. We omit the proofs.
As Def(X bi ) is pro-representable and formally smooth, in order to prove (4), it suffices to show that its tangent space t Def(X bi ) is zero-dimensional. This tangent space is canonically isomorphic to
As the Dieudonné modules of X bi and X bi ∨ are isomorphic to S n−2 we see that
Let us prove (7). As X bi and X ′ bi are isomorphic we can assume that X bi = X ′ bi . For every (R, α) in C denote by (X bi ) R the unique deformation of X bi to R. By (1) we know that there exists at most one deformation of f bi to a morphism (X bi ) R −→ (X bi ) R . Hence we have to show the existence of such a morphism. The p-divisible group X bi is isomorphic to the (n − 2)-fold product of p-divisible I-modules whose Dieudonné modules are isomorpic to S. Therefore we can assume n = 3. We will now use Zink's display theory [Zi2] . The display of (X bi ) R is given by (P, Q, F, V −1 )
where P is a the free W (R)-module with base (e, f ), where Q is the submodule τ (1)W (R)e ⊕ W (R)f and where F and V −1 are given by
The O K -action is given by the decomposition P = P 0 ⊕ P 1 with P 0 = W (R)e and P 1 = W (R)f , and the polarization is defined by a perfect alternating form , such that e, f = 1. Indeed, this is clear for R = k. For arbitrary R this is a deformation of the display over k. As this deformation is unique, the given display with O K -action and polarization is the display of (X bi ) R . To give a p-isogeny (X bi ) R −→ (X bi ) R of multiplicator c is the same as to give a homogeneous morphism ϕ: (P, Q, F, V −1 ) −→ (P, Q, F, V −1 ) such that ϕ(x), ϕ(y) = p c x, y . Every such morphism is determined by ϕ(e) which has to be of the form we for some w ∈ W (R) because of the homogenity of ϕ. The condition that ϕ is compatible with F and V −1 is equivalent to the condition w = σ 2 (w) and the compatability with the form up to p c means wσ(w) = p c . Hence it suffices to show that for any w 0 ∈ W (k) with these properties there exists a w ∈ W (R) with these properties that lifts w 0 . As for every local Artinian ring R with residue field k there is a unique homomorphism W (k) −→ R we can assume that R = W (k). But then ∆(w 0 ) does the job, where ∆:
is the homomorphism of Cartier-Dieudonné, i.e. the unique homomorphism of rings which is compatible with
Frobenius (see e.g. [Laz] VII, §4).
(7.6) Let k be an algebraically closed field of characteristic p and let R be a complete local noetherian E-algebra with residue field k and with maximal ideal Ñ. Let f 1 and f 2 two R-valued points of p-Isog such that f 1 ⊗ k and f 2 ⊗ k are µ-ordinary p-isogenies. Then the bi-infinitesimal parts of f 1 ⊗ k and f 2 ⊗ k (in the sense of (7.4)) are isomorphic. Hence it follows from (7.5)(7) that the bi-infinitesimal parts of f 1 ⊗ R/Ñ n+1 and f 2 ⊗ R/Ñ n+1 are isomorphic for all n ≥ 0.
(7.7) It follows that every point of p-Isog µ can be lifted to characteristic zero. More precisely there exists a canonical lift:
Let k be a perfect field and let f :
This homomorphism admits a decomposition
the decomposition of X and X ′ into the product of itsétale, bi-infinitesimal and multiplicative part. Each of the factors admits a unique lift to an isogeny over W (k): this is obvious for f et and f mult and it holds for f bi because of (7.5)(7). The product of these lifts gives via the Serre-Tate theorem also a lifting of f to a p-isogenyf over W (k). This lift will be called the canonical lift of f .
Its formation commutes with base change in the following sense: If k 1 is a perfect extension of k, denote by f 1 the extension of f to k 1 and byf 1 the canonical lift of f 1 to W (k 1 ). Then there is a canonical identification off ⊗ W (k) W (k 1 ) withf 1 where W (k) −→ W (k 1 ) is induced from the inclusion k ֒→ k 1 . If that were the case we would find a point y ∈ Y which has a neighborhood U which is open in Y and which is contained in the supersingular locus Y \ Y nss . Let M ss be the supersingular locus in M. The closed immersion (7.5)
would factorize through S = Spf(Ô M ss ,s(y) ) × Spf(Ô M ss ,t(y) ). But by (5.5) we have dim(S) = 2[(n − 1)/2] which is strictly smaller than n − 1 as n is even. This is a contradiction to (6.15).
(7.9) Corollary: Assume that n is even.
(1) Every point of p-Isog ⊗ κ(E v ) can be lifted to characteristic zero.
Proof : This follows from (7.8), (7.7) and (7.3).
8 Hecke stratifications of the space of p-isogenies
The residue class of g in K L \G(L)/K L is uniquely determined and we denote it by
Sending an L-rational one-parameter subgroup λ to the double coset of
where S is an L-rational maximal split torus of G L and where L ′ is any extension of L such that G L ′ is split. Via this identification we consider inv L (M, M ′ ) as the unique dominant coweight in X * which represents the corresponding element in X * /Ω.
We endow X * /Ω with a partial order by saying λΩ ≤ λ ′ Ω if λΩ is in the convex hull of λ ′ Ω in X * ⊗ IR.
(8.2) Lets −→ p-Isog be a geometric point in characteristic zero corresponding to a p-isogeny f : 
is independent of the choice ofs over s and the choice of the isomorphism T p (A) ∼ = Λ.
Altogether we obtain a map
where σ denotes the Frobenius automorphism. This map is clearly locally constant. Hence p-Isog ⊗ E is the union of open and closed subschemes p-Isog α E with α ∈ (X * /Ω) σ .
(8.3) Let p-Isog µ be the µ-ordinary locus of p-Isog ⊗ κ(E v ) and s be a point of p-Isog µ . Lets: Spec(k) −→ p-Isog µ be a geometric point over s corresponding to a
By (7.7) there exists a canonical liftf of f to W (k). Denote by
the map on Tate modules which is induced by the generic fibre off . Because of the determinant condition we can choose a B-linear symplectic similitude of
are selfdual up to a scalar.
By construction the induced homomorphism off on p-divisible groups splits into a product of a lift of theétale, the bi-infinitesimal, and the multiplicative part of f .
Hence there exists an
of h is well defined and depends only on s. As in (8.1) we can consider η µ (s) as an
Note further that η µ (s) does not depend on the choice ofs (7.7).
(8.4) Proposition: The map
Proof : It suffices to show the following: Let g:
for some algebraically closed field k. Let s be the special point of S and t be a geometric pont of S lying over the generic point of S. Then η µ (s) = η µ (t).
Denote by f : X −→ X ′ the associated morphism of p-divisible I-modules. Denote by
It is easy to see that this map is injective. Hence it suffices to prove that the type of f as a p-isogeny of p-divisible O K -modules is locally constant. As theétale and the multiplicative rank of X and X ′ are locally constant functions on S we get a filtration of p-divisible
whose successive quotients are (X, ι) bi resp. (X, ι)é t , ditto for (X ′ , ι ′ ) ( [Gr] III, 7.4).
We obtain an induced p-isogeny on the associated graded p-divisible O K -modules gr(f ) = f mult × f bi × fé t and by definition the type of f and that of gr(f ) define the same function on S.
Hence we can assume that X and X ′ are products of their multiplicative, their biinfinitesimal and theirétale part. We set k 1 = κ(t). Letf s (resp.f t ) be the canonical lift of f t (resp. f s ) to W (κ(s)) = W (k) (resp. to W (k 1 )). It suffices to find a local ring R with R/pR = k [[t]] together with W (k)-homomorphisms R −→ W (k) and R −→ W (k 1 ) and a O K -linear p-isogenyf over R which lifts f such thatf ⊗ W (k) =f s andf ⊗ W (k 1 ) =f t .
For R we take W (k) [[T ] ]. As homomorphism R −→ W (k) (resp. R −→ W (k 1 )) we take the unique W (k)-homomorphism which sends T to zero (resp. to the Teichmüller representative of t in W (k 1 )). Ourf will be a productf =fé t ×f bi ×f mult wheref ? lifts f ? . To lift fé t and f mult is trivial, hence we have only to constructf bi . Because of the uniqueness of lifts of f s,bi and f t,bi (7.5), it suffices to construct a compatible system of liftsf bi,n of f bi to W n (k) [[t] ]. This can be done as in the proof of (7.5) (7) using the theory of Dieudonné windows developed in [Zi3] (one can take as a frame (A = W (k) [[t] ], p n A, σ) where σ is the unique continuous ring endomorphism of A with σ(T ) = T p which induces on W (k) the Frobenius). Proof : The functor X → T p (Xs) sets up an equivalence between the category of etale p-divisible groups over S and the category of finitely generated free Z Z p -modules with continuous π 1 (S,s)-action and the latter category is independent of the choice ofs up to inner automorphism. Proof : It suffices to prove this for the source morphism s (by duality). We know already that the source morphism is finite (7.3). For every point x of M the fibre s −1 (x) of a geometric pointx lying over x is the spectrum of a finite κ(x)-algebra Ax. As M µ is regular and in particular reduced, it suffices to show that the function x → dim κ(x) (Ax) is locally constant. From (7.2) we already know that x → #s −1 (x) is locally constant. Because of (8.4) it suffices to show: Letȳ −→ p-Isog µ,γ be a geometric point andx = s(ȳ) its image in M µ . Then the κ(x)-dimension of O s −1 (x),ȳ =Ô s −1 (x),ȳ depends only on γ. But it follows from (7.5) and (7.6) that the isomorphism class of the κ(x)-algebraÔ s −1 (x),ȳ depends only on T p (f ) and T p ( t f ) and in particular only on γ (8.5). Hence Q[p-Isog ⊗ κ(E ν )] obtains the structure of a Q-algebra such that red p (8.8) becomes a homomorphism of Q-algebras.
(8.10) Assume that n is even. In [We2] §4 a Q-algebra homomorphism
is constructed which sends the characteristic function of a K p -double coset α of G(Q p ) to the corresponding stratum (p-Isog ⊗ E) α . This stratum consists of those points f in p-Isog ⊗ E where f is given on Tate modules by α using the identification (1.6.1) (see loc. cit. for the precise definition).
In Q[p-Isog⊗κ(E v )] we have the element Frob corresponding to relative Frobenius isogenies as in (1.7.1).
The principal result is now: 
